We characterize and demonstrate a solution method for an optimal commodity (sales) tax problem consisting of multiple goods, heterogeneous agents, and a nonconvex policy maker optimization problem. Our approach allows for more dimensions of heterogeneity than has been previously possible, incorporates potential model uncertainty and policy objective uncertainty, and relaxes some of the assumptions in the previous literature that were necessary to generate a convex optimization problem for the policy maker. Our solution technique involves creating a large database of optimal responses by different individuals for different policy parameters and using "Big Data" techniques to compute policy maker objective values over these individuals. We calibrate our model to the United States and test the effects of a differentiated optimal commodity tax versus a flat tax and the effect of exempting a broad class of goods (services) from commodity taxation. We find that only a potentially small amount of tax revenue is lost for a given societal welfare level by departing from an optimal differentiated sales tax schedule to a uniform flat tax and that there is only a small loss in revenue from exempting a class of goods such as services in the United States.
Introduction
In this study, we characterize and demonstrate a solution method for an optimal commodity (sales) tax problem consisting of multiple goods, heterogeneous agents, and a nonconvex policy maker optimization problem. The contribution of our approach is to allow for more dimensions of heterogeneity than has been previously possible, to incorporate potential model uncertainty and policy objective uncertainty, and to relax some of the assumptions in the previous literature that were necessary to generate a convex optimization problem for the policy maker. Our solution technique involves creating a large database of optimal responses by different individuals for different policy parameters and using "big data" techniques to compute policy maker objective values over these individuals.
We calibrate our model to the United States and calculate the difference between an optimal differentiated sales tax schedule versus an optimal uniform (flat) tax schedule. We also compute the revenue loss for a given welfare level of having a tax-exempted commodity class, such as is the case in nearly all countries. We find that only a potentially small amount of tax revenue is lost for a given societal welfare level by departing from an optimal differentiated sales tax schedule to a uniform flat tax. We also find a small loss in revenue from exempting a class of goods such as services in the United States. Ramsey (1927) studied a representative agent economy, with multiple goods, and a policy maker with a total tax revenue constraint and linear commodity tax instruments (no lump sum taxation). The main findings were that tax rates on commodities should be inversely related to the representative consumer's price elasticity of demand and should, therefore, vary across goods. Diamond and Mirrlees (1971a,b) and Deaton (1977) extend the Ramsey approach by studying optimal commodity taxation with multiple goods, a revenue constraint and multiple consumers who have identical preferences and heterogeneous productivities (incomes). However, they make strong assumptions on the demand functions in order attain aggregation results and to keep the policy maker's optimization problem convex. These three studies highlight the tradeoff between equalizing incomes and maximizing social welfare. However, Deaton (1977, p.310) 
concedes:
The result rests on strong simplifying assumptions in order to avoid the complexity of the general case; in particular, consumer bahaviour has been restricted by the use of linear Engel curves and by permitting only very limited substitution between commodities. Relaxing either of these could alter quite fundamentally the nature of the empirical results. Balcer et al. (1983) add minimum consumption levels to the household utility function, but use a simple enough functional form to still allow for aggregation and a convex optimization problem for the policy maker. Similar to Deaton (1977) , Slemrod and Bakija (2008, chapters 6 and 7) , Gruber (2011, chapters 18, 20, and 25) , and Garner (2005) , they find that commodity taxes will vary across goods according to budget shares but that their ability to redistribute income is somewhat limited. In addition, Balcer et al. (1983) find that the optimal differentiated commodity tax schedule only provides a small revenue increase for a particular welfare level relative to an optimal uniform (flat) tax.
In this study, we extend the Balcer et al. (1983) approach by using a more general utility function in which aggregation does not hold, thereby rendering the government's optimization problem nonconvex. By doing so, we are testing the observation of Deaton (1977, p. 310 ) that relaxing these simplifying assumptions "could alter quite fundamentally the nature of the empirical results." Further, the nonconvexity of the government's optimization problem requires a different set of computational tools in order to solve for the optimal sales tax schedule. Our solution method is scalable, parallelizable, customizable, and uses "big data" techniques.
Big data refers to any repository of data that is either large enough or complex enough that distributed and parallel input and output approaches must be used (see White, 2012, p. 3) . Einav and Levin (2013) discuss the new opportunities in economics using big data, although they focus primarily on searching for important patterns in existing datasets. Our paper is a different application of the big data approach in that we use it as a solution method to theoretical models rather than an empirical method. Our solution method is ideally suited for dealing with models with nonconvex optimization problems, a large degree of heterogeneity, rich policy structure, potential model uncertainty, and potential policy objective uncertainty.
Our big data approach involves generating a large database of optimal agent behavior for an efficiently chosen sample of points in both the space of agent types and the space of tax policies. We then use big data techniques to access this database in order to calculate social welfare and total government revenue for each point in the tax policy space. Next, we eliminate all tax policies that are strictly dominated by any other policy in terms of both social welfare and total tax revenue. This leaves us with a tax policy frontier in terms of social welfare and total tax revenue. The last step is to iteratively refine our search for optimal tax policies around the points remaining on the frontier and repeat the deletion step of strictly dominated policies.
The result is a close approximation of the continuous function of tax policies that traces out the frontier of optimal social welfare and tax revenue possibilities.
Much of the current literature on optimal commodity taxation focuses on estimating price elasticities for particular classes of consumption goods. Kaplow (2010) , Saez (2002) , and Naito (1999) find that taxes on commodities should vary, not only with their elasticities of demand, but also with their complementarity with leisure.
Another strand of the literature, exemplified by Einav et al. (2014) , Ellison and Ellison (2009), Ballard and Lee (2007) , Scanlan (2007) , Alm and Melnik (2005) , and Goolsbee (2000a,b) , focuses on the effects and lack of uniformity of the sales taxation of goods purchased on the internet. Bruce et al. (2009) estimate a loss of over $10 billion in sales tax revenue in 46 U.S. states and in the District of Columbia from inconsistent or nonexistent sales taxation on internet commerce, particularly with respect to interstate internet commerce.
The final policy experiment we perform in this study relates to the internet revenue loss studies previously mentioned. We simulate the potential tax revenue loss of exempting a category of consumption goods. Diamond and Mirrlees (1971a) suggest the inclusion of an untaxed sector as an interesting extension. Einav et al. (2014) study this question with respect to internet commerce by empirically estimating the price elasticity of internet sales consumers to price surprises. But we know of no other studies estimating the loss from exempting a commodity group as large as the services sector in the United States (e.g., legal fees, consulting, insurance, most health care.) This question is especially important in the United States, not just in terms of welfare, because services make up just under 50 percent of U.S. GDP.
The paper proceeds as follows. Section 2 presents our model of household optimization and the policy maker's tax problem. Section 3 describes our solution method, and Section 4 presents the results of our experiments. Section 5 concludes.
Model
Our sales tax model is one in which heterogeneous consumers must make a static decision of how much to consume among a variety of goods available to them. We abstract from the labor decision of these individuals by assuming an inelastic labor supply. We also abstract from any ability of consumers to intertemporally substitute consumption across time using savings. The model is partial equilibrium because we do not model the production side of the economy, and consumers take the prices of goods as given.
The invariance of goods prices and the wage distribution to tax policy changes in our model is a potential issue. One solution is to assume a small open economy.
However, many of the goods in the United States are nontradable and labor is often thought of as not being very mobile. So letting prices be exogenous is a potential weakness.
Consumers also face a given schedule of sales taxes across these goods. In the tradition of much of the commodity tax literature, we restrict the policy maker's tax instruments to be linear tax rates that can be differentiated according to consumption good type. This is in contrast to the Mirrleesian approach of solving for a general tax function of all observables. The policy maker's problem is to choose a tax schedule that maximizes some social welfare criterion. Hines (2007) and Gruber (2011) document that the United States only has a few goods on which it collects excise taxes, that the U.S. collects the smallest percent of tax revenue through sales or consumption taxes among developed countries, and that U.S. sales taxes are predominantly applied heterogeneously across U.S. states.
In this respect, our exercise in this paper is hypothetical in that no uniform federal sales tax schedule exists in the United States. However, the qualitative results can be applied appropriately to inform sales tax policy at the state level in the U.S. as well as potential tax reform questions at the national level.
Household problem
Let the economy be characterized by a measure of individuals characterized by type θ = (η, w) and I different consumption goods c i , where i = 1, 2, ...I. Define total consumption by an individual C by the constant elasticity of substitution (CES) aggregator,
where η ≥ 1 is the elasticity of substitution among all of the consumption goods, α i ∈ [0, 1] is the weight on the consumption of each type of good with i α i = 1, andc i ≥ 0 is a minimum level of consumption for each type of good. The constant relative risk aversion (CRRA) utility function for the individual with CES preferences over total consumption is the following,
where total consumption of an individual C is defined in (1) and γ ≥ 1 is the coefficient of relative risk aversion.
Let the price of consumption good i be determined by the perfectly competitive equilibrium assumption of marginal cost pricing with the additional sales tax perfectly passed on to consumers of good i. If mc i is the marginal cost of producing good i 1 See Armington (1969) and Dixit and Stiglitz (1977) .
and τ i is the sales tax rate on good i, then competitive equilibrium implies that the price of each consumption good p i is given by.
We can normalize the marginal cost of each good to unity mc i = 1 for all i by simply changing the units of each good. So the price of each good can be simplified to its normalized version.
Given a nominal wage of w, the household budget constraint is,
The household's problem is to choose a consumption basket {c i } I i=1 to maximize utility (2) subject to the budget constraint (5). In this example, we will allow consumers to be heterogeneous in terms of their elasticity of substitution η among different consumption goods and in terms of income w. So θ = (η, w) ∈ Θ = [1, ∞) × (0, ∞).
Let the joint density over consumer types in the economy be f (η, w) = f (η)f (w), where η ∼ U [η min , η max ] and w ∼ GG a, b, m , where U is the uniform distribution and GG is the three-parameter generalized gamma distribution.
Now we can write the consumer's optimization problem in terms of vectors of variables,
(1 + τ i )c i and c i ≥c i ∀i
2 McDonald (1984) started a long literature showing that the generalized beta (GB) family of distributions with three parameters or more fits the income distribution better than the two-parameter GB family distributions, such as the log normal. In particular, the GB distributions with three parameters or more capture well fat right tails that are characteristic of the income distribution. See also McDonald et al. (2013) .
. If the budget constraint binds and c i ≥c i for all i, the solution to (7) can be reduced to I − 1 Euler equations,
where w and all the τ i are introduced into (8) because good c I is substituted out of the utility function using the budget constraint. The solution to this problem is individual consumption functions c i (η, w, τ ) that are a functions of consumer type (η, w) and tax rates τ . This household has equilibrium utility u c(η, w, τ ) and total taxes paid of r(η, w, τ ) = I i=1 τ i c i (η, w, τ ). However, it is also the case that both the budget constraint and c i ≥c i are not satisfied for some sales tax schedules τ .
We want to examine the effects of a wide range of tax policies τ , but we do not want to worry about redistribution issues or have individual utilities with consumption at or nearc i dominate any social welfare function in the policy maker's problem. Balcer et al. (1983) address this same issue in their model by transferring revenue (collected from taxes) to the poorest individuals so that they can meet the minimum consumption constraint. However, this method still poses the problem of how far abovec i should the transfer allow the poorest to consume. The chosen level still affects their utility and their corresponding weight in a social welfare function. To avoid this problem, we provide a small functional variation to the total individual consumption aggregator (1) and utility function (2) so that utility is globally defined and concave, even for individual consumption levels at or below the minimum c i ≤ c i +ε. However, the purpose of this functional adjustment is to cause as little distortion as possible while providing a remedy to a computational issue. Appendix A-1 details our adjustment.
Policy maker's problem
The policy maker's problem is to choose a schedule of sales tax rates on the different consumption goods τ = {τ 1 , τ 2 , ...τ I } in order to maximize total utility in the economy subject to total tax revenues being greater than or equal to some exogenously determined amountR,
This is equivalent to a specific weighting of both total utility and total revenue in the policy maker's objective function. However, this approach can accomodate any well defined objective function with any weighting scheme.
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The optimization problem (10) is not convex because the individual demand functions cannot be aggregated. This is due to the general specification of the CES total consumption aggregator (1) as well as the heterogeneity across household types (η, w).
The solution to the policy maker's problem is a tax schedule τ will be a function of the distribution of consumer types in the economy τ f (η, w) . However, finding this solution to the nonconvex optimization problem (10) requires a new solution technique.
Calibration
For the experiment that follows, we calibrate our sales tax model to fit U.S. data as well as some parameter values taken from other studies. Table 4 summarizes the calibration. The first dimension of heterogeneity among the households in our model is the elasticity of substitution among consumption goods η. We calibrate the distribution of the different elasticities of substitution across individuals in our model to be uniformly distributed η ∼ U [3.7, 4.5]. This is consistent with an estimated average price over marginal cost markup in the U.S of about 1.32 or 32%, and markup range from 1.25 to 1.37. Christopoulou and Vermeulen (2012) estimate the price over marginal cost markup in the U.S. to have been about 1.32 or 32% in the 1990s. In DSGE models with imperfect competition, the equilibrium markup is η/(η − 1), a function of the constant elasticity of substitution among differentiated consumption goods. Average markup estimates for η come from Christopoulou and Vermeulen (2012) . Our GG approximation of the distribution of U.S. household income was estimated by generalized method of moments following McDonald et al. (2013) and uses Current Population Survey income bracket count data from Current Population Survey (2012, Table HINC-01). For estimates of the constant coefficient of relative risk aversion, see Mankiw and Zeldes (1991) , Blake (1996 ), Campbell (1996 , Kocherlakota (1996) , and Mehra and Prescott (1985) .
For the distribution of income w in our model we follow McDonald et al. (2013) and use the simplest distribution from the generalized beta (GB) family that captures well the fat right tail of the income distribution. We use 42 moments from the U.S. household income distribution of 2011 reported in Current Population Survey (2012, Table HINC-01). We use generalized method of moments to test a number of distributions from the GB family, and the three-parameter generalized gamma (GG) distribution had the best fit. Table 4 shows the estimated values for parameters a, b, and m of the GG distribution, and Figure 1 shows how the estimated GG distribution fits the empirical data.
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We use the Consumer Expenditure Survey (CEX) 2011 broad category summary tables data to calibrate the expenditure shares α i in the model, as well as the minimum consumptionsc i . We aggregate expenditures into eight categories (I = 8): food, transportation, entertainment, owned dwellings, rented dwellings, alcohol and tobacco, other (taxed), and other (not taxed). We divided expenditures into eight categories for the following two reasons. First, the more consumption categories increases the computational requirments for solving the model. Second, we wanted to separate out some of the key consumption categories that apear in tax policy debates. In particular, we will focus one of our experiments on the commodity category of "other (not taxed)". This category includes many of the services that have no sales tax in the United States, such as personal services, vehicle finance charges, vehicle insurance, health care, and education. A more complete description of the consumption categories and what they include is in Appendix A-2. We estimate the minimum consumption of the poorest individualsc i and the consumption expenditure share of the wealthiest individuals α i as the coefficients from the following regression,
where c i,j is the average consumption of the ith good by the average household in the jth income category, AV GT OT EXP j is the average total consumption expenditure by households in income category j, and ε i,j is a zero-mean, i.i.d. random variable. Table 2 .
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Because the coefficient of relative risk aversion γ does not change the household's optimal consumption decision c, we did not include it as a dimension of heterogeneity across households. However, variation in this parameter does affect the optimal tax policy τ because it affects the utility levels of households, and total utility is one of the inputs to the government objective. We choose the parameter value γ = 2 for all households, which is a common value in within the range of 2 to 10 found in the literature. (11) is likely not fully appropriate. However, a linear specification is the only one that allows us to estimate, in a consistent manner, the consumption minimumc i and the expenditure share α i for each consumption category i. If we did a log specification for AV GT OT EXP j , we would not be able to estimatec i by taking the predicted value of c i,j at AV GT OT EXP j = 0. We would also not be able to estimate the consumption share of the wealthiest individuals α i by letting AV GT OT EXP j go to infinity because the share would necessarily go to zero. The same problems exist for a quadratic specification of (11). For this reason, we use the linear specification to calibrate our model.
6 See Mankiw and Zeldes (1991) , Blake (1996 ), Campbell (1996 , Kocherlakota (1996) , and Mehra and Prescott (1985) . 
Solution Method
Our big data approach to solving for the optimal tax policy τ f (θ) is an iterative process. We first specify the type space of households, the tax policy space, and the type space distribution. We then create a large database containing a diverse collection of household responses to a diverse collection of tax policies. Using the distribution for the type space, we compute societal utility and total revenue for each tax policy in the sample. We then strategically add new tax policies to the database near the area of interest and repeat the process to find societal utility and total revnue for these new policies. We can continue to add new policies to the database until a sufficient level of refinement is achieved.
We define the type space to be Θ = [3.7, 4.5] × [8000, 500000], where a point θ ∈ Θ, θ = (η, w) describes a household. We choose a set of M equidistributed points {θ m } M m=1 to represent a simulated sample of households.
7 For our eight good model, the tax policy space is defined to be T = (0, 1) 8 , where a point τ ∈ T, τ = (τ 1 , τ 2 , . . . , τ 8 ) describes a potential tax policy. We choose a set of N equidistributed points {τ n } N n=1 to represent a simulated approximation of all possible tax policies. In order to ensure that the simulated households θ m and policies τ n are representative of the space, M and N must be large. Note that more sample households and tax policies can be added to the database at a later time if further refinement is desired.
We now consider the set {τ n } N n=1 × {θ m } M m=1 . This represents the N tax policies that may be faced by each of the M household types. We must solve for the household optimal choice c(θ, τ ) for every possible combination of τ n and θ m , which requires solving a total of M × N optimization problems. We use parallel processing to divide these independent optimization problems evenly across nodes on supercomputer. We compute the optimal household consumption of each good c θ m , τ n . From this we get household utility u c θ m , τ n as well as the revenue generated by that household
These values for utility and revenue are then stored as a list of length M × N .
Since the equidistributed sequences are deterministic and thus perfectly replicable, we can save on storage space by not storing the actual values of each θ m = (η m , w m ).
We store the values in an HDF (Hierarchical Data Format) database. HDF is a database format that allows very large databases to be stored in shared fashion across multiple machines. It also allows for parallel input and output, and is optimized for non-contiguous access. This is necessary, as during the computation process there are numerous processes that need simultaneous access to non-adjacent portions of the database. Collette (2013) is a great reference for using HDF5 with the Python programming language.
We access the HDF database and compute a societal welfare measure U τ n and a total revenue measure R τ n for each tax policy τ n using the joint density function
This step is relatively cheap computationally, and amounts to performing quasi-Monte Carlo integration.
We use a linesweeping algorithm to find any tax policies that are strictly dominated in terms of both social welfare U n and total revenue R n . We make a list of tax policies that are not dominated. Call these dominating points
n=1 , where N 1 ≤ N is the number of tax policies that were not strictly dominated.
We next refine our analysis of tax policies around the policies that were not strictly dominated. We expand the policy space by adding in new tax policies that are ε p away from the elements of D 1 . The complete set of new tax policies to analyze is given by the following tensor product:
We solve the household problem for all household types θ m for each τ ∈ D 2 and add the corresponding u c θ m , τ n and r θ m , τ n to the database. We then repeat the linesweep algorithm to find the points that are strictly dominating, D 3 . We continue expanding the database using this iterative process until we have traced out a smooth total welfare-total revenue possibilities frontier of tax policies.
Note that after each iteration we keep all of the solutions and do not delete the dominated points, since changing the distribution will change the points that are dominated. This allows us to quickly examine how the results would change for a different distribution. Table 3 shows the size of the type space and policy space for our database, as well as the computational time and final database size, for three iterations. 
Results
We use our solution method from Section 3 on the model with heterogeneous households and eight consumption goods described in Section 2 to perform three experiments. The first experiment is to compare the total utility-revenue frontiers and the corresponding sets of optimal tax policies when the tax policy is allowed to be optimally set for each good (differentiated tax policy) versus a tax policy in which the rate on each of the goods is constrained to be equal (flat tax policy). Next, we show how the optimally differentiated tax policy is affected by a change in the underlying distribution of income.
Our last experiment is to study how the optimal total utility-revenue frontier and the corresponding set of optimal differentiated tax policies change when one class of goods is exempted from the tax. For this experiment, we use the "Other (not taxed)" category from our calibration.
Optimal differentiated sales tax versus optimal flat tax
Our first experiment is to study the differences in economic outcomes between an unconstrained optimal sales tax scheduleτ that is allowed to be differentiated across goods i versus a flat tax schedule in which the tax rates across all goods are constrained to be equalτ such that τ i = τ j . Figure 4 shows the difference in total utility versus total revenue frontiers associated with the two policy types. Each point on the two curves in Figure 4 represents a tax policy that is not strictly dominated in terms of total revenue and total utility given the underlying parameters of the model. 8 Figure 5 shows how the optimal tax rate for each good i changes along the frontier from Figure 4 in terms of total revenue. 9 The first goods categories on which the op-8 Note that total revenue-total utility frontier for the optimally differentiated tax policy does not have any revenues for the low levels of total utility that exist for the flat tax. This is because our tax policy space is bounded above somewhat arbitrarily by tax rates of 100 percent. If we had allowed the tax policy space to have a higher upper bound we could have populated that frontier in that extreme portion of Figure 4 . However, we think commodity tax rates beyond 100 percent are not interesting for our broad categories of consumption goods.
9 The smooth lines in Figure 5 are actually fitted logistic functions that minimize the L 1 norm of the points in tax policy space. This is because more fuzziness exists in the exact location of the Table 2 . The optimal tax rates that are the last to go up-other (taxed), owned dwellings, and transportation-have the highest average elasticities of demand.
10
A broad initial interpretation of our results here confirms the Ramsey (1927) finding that optimal tax rates should vary with the elasticity of demand for a given good. With the underlying heterogeneity in elasticities of substitution, and thereby elasticities of demand, an optimally differentiated tax policy allows the policy maker to maximize total revenue collection given a particular total utility level. The optimal policies for the flat tax regime are everywhere interior to the optimally differentiated optimal tax rates than in the resulting total utility and total revenue. Figure 18 in the Technical Appendix, which is available upon request, shows an example. 10 The elasticity of demand of individual j on good consumption good i is a function of individual j's elasticity of substitution among consumption goods η j , his total consumption C j (which is a function of income w j ), the minimum consumption of that particular goodc i , and the expenditure share of the wealthy on that good α i . Although the elasticity varies for each individual based on η j and w j , each individual's elasticity is inversely related to the productc i α However, we find that the revenue loss of an optimal flat tax regime relative to the optimally differentiated tax regime might not be that large. Figure 6 shows the percent loss in total revenue for a given total utility level for each of our experiments.
The solid line in Figure 6 shows the revenue loss percent for the flat tax versus the optimally differentiated tax. The most revenue lost by the policy is just over 30 percent.
This loss might not be that large if one considers the information and enforcement requirements and costs associated with an optimally differentiated sales tax system.
We interpret this as evidence that a broad-based flat tax system might be a reasonable option for fundamental tax reform. Performing this experiment merely entailed recomputing the total revenue-total utility frontier on a portion of the database, which only took 1.4 seconds of computation time in contrast to the multiple hundred CPU hours to compute the database as shown in Table 3 . 
Effect of exempting services
Our final experiment might have the most relevance to the U.S. economy. We compare the total revenue-total utility frontier from the optimally differentiated sales tax policy on all eight consumption goods from Section 4.1 to an optimally differentiated tax policy on only seven goods with the eighth good being exempted. For this experiment, we use the consumption category from our calibration in Section 2.3 of "Other (not taxed)" to be our exempted category.
As is described in Table 4 of Appendix A-2, the "Other (not taxed)" consumption category includes goods such as household services, vehicle finance charges, vehicle insurance, health care, and education. These categories are not taxed in the United
States and represent approximately 14 percent of all U.S. consumption expenditures. Figure 7 shows the difference in total revenue-total utility frontiers between the optimally differentiated unconstrained sales tax policy versus the optimal policy with the nontaxed services category exempted. The loss in total revenue for a given total utility level is roughly constant at about 2 percent for all levels of total utility. This is because the estimated share parameter α i from the utility function is estimated to be a mid-to-low range value of α i = 0.14, as shown in Table 2 . In addition, the estimated minimum consumption for this category is very low atc i = $29. This implies a relatively high elasticity of demand for nontaxed services, and exempting them only slightly impairs the ability of the policy maker to raise revenue. The elasticities of demand for most of the other goods are lower relative to that of nontaxed services. Figure 8 shows the difference in taxes for each good i, which is the optimal differentiated tax exempting services minus the optimal differentiated tax including an optimal tax on services. For low levels of total revenue, the revenue lost from exempting services is made up primarily by increases in the low elasticity of demand categories of entertainment, alcohol and tobacco, and rented dwellings. The optimal tax on rented dwellings increases by a maximum of 30 percent. However, at the high end of total revenues, it is primarily through tax increases on the high elasticity of demand categories of other (taxed), owned dwellings, and transportation that the difference is made up.
We test whether this result is specific to the optimally differentiated tax experiment by repeating it in a flat tax environment. That is, we compare the total revenue-total utility frontier from an optimal flat tax regime to that of an optimal flat tax in which the services category tax rate is constrained to be zero. Figure 9 shows the difference in total utility-revenue frontiers. The loss in total revenue for a given utility level is still small. The loss from the exempted flat tax relative to the all inclusive flat tax is roughly constant at nearly 3 percent for all levels of total utility, very similar to the loss of the exempted differentiated tax regime relative to the all inclusive differentiated tax regime.
For those interested in fundamental tax reform that broadens the tax base, this experiment suggests that economy-wide commodity taxation could maintain the exemption for services that currently exists in the U.S. tax system without overly impairing the ability of the policymaker to raise revenue. These two experiments with a services exemption and recomputing the total revenue-total utility frontier only took 3.4 seconds of computation time in contrast to the multiple hundred CPU hours to compute the database as shown in Table 3 .
Conclusion
This paper proposes and describes a solution method for optimal policy problems that involve large dimensions of heterogeneity, nonconvex policy-maker optimization problems, and potential policy objective uncertainty. We use a big data approach to generate a large database of agent behaviors across the space of agent types and potential policies. Once this database is generated, we can very quickly compute frontiers in terms of the components of the policy objectives and perform experiments on how changes in the underlying distributions and other characteristics of the model affect the optimal outcomes.
We demonstrate this method by performing two experiments in an environment calibrated to the United States looking at optimal commodity taxation. We assume the objective of the policy maker includes total revenue and societal utility as com-ponents, but we make no assumptions as to the weighting of those components. We first test how the total revenue-total utility frontier changes from an environment in which the commodity taxes for each good can be set independently and optimally verses a flat tax environment in which all commodity tax rates are equal and are set optimally. We find that the percent loss of restricting policy to a flat tax regime incurs a loss no higher than 32 percent for a given level of total utility, but often much less than 30 percent. If one thinks that the information and enforcement costs of an optimally differentiated commodity tax are sufficiently high, this result could be evidence that a broad-based flat tax might be a good practical tax policy.
We also measure the effect of exempting a particular class of consumption good.
In the United States, as well as in many other countries, many services are not taxed.
Because the elasticity of demand is relatively high for the services that are exempted in the U.S. economy, we find a very small loss in terms of total revenue for a given level of total utility. This relationship is robust to the level of total utility and to whether the tax regime is an optimally differentiated sales tax or an optimal flat tax. In both cases, the loss in total revenue is everywhere less than 3 percent. This suggests that any tax reform that maintains the tax exemption for services might not overly impair the ability of the policy maker to raise revenue.
APPENDIX
A-1 Hybrid function to deal with minimum consumption requirement
Because some household's income is not enough to purchase the minimum consumption of each good, as described in (9), the total consumption aggregator (1) will be undefined for consumption levels less than the minimum c i <c i and household utility (2) will be negative infinity if any one of the household consumption levels is equal to the minimum c i =c i .
The problem is that, given a tax schedule τ = {τ i } I i=1 , some households income w is not sufficient to be able to afford the minimum amount of consumption.
This is a problem because the exponent inside the large parentheses in (1) is undefined for c i <c i . The numerical methods used require that the utility function is everywhere defined. We will construct functions that extend the utility function and consumption aggregator so that they are globally valid. Define the function g 1 (c) in the following way. Figure 10 shows a graph of g 1 (c) for η = 4.2. Note that g 1 (c) is not defined for c < 0.
We need a function equal to g 1 (c) above some cutoff ε 0 > 0 close to zero, but have it be defined for c < 0. We will construct a function g(c) which has two pieces g 1 (c) and g 2 (c) and join them with a smooth transition. The piece for low values of consumption g 2 (c) should be a concave, monotone increasing function. The quadratic function is a good candidate. We want to stitch the function g 2 (c) to g 1 (c) for all c < ε 0 . This quadratic function g 2 (c) must equal g 1 (c) at ε 0 and have the same first and second derivatives at that point. 
We can solve for the three unknown coefficients a 0 , a 1 , and a 2 in (A.3) from the three conditions about connecting, first derivative, and second derivative. The solution is the following:
Define the new hybrid function g(c) in the following way. Figure 11 shows the hybrid function g(c).
In order to finish constructing our aggregator, we now need to construct the inverse function. To construct the inverse aggregator we choose a cutoff of ε 1 = g(ε 0 ). Note that the value of ε 1 is dependent on η, and as such will be different for each household. We define the inverse of g(c) to be the following.
This again provides a smooth transition. Figure 12 shows the hybrid function g −1 (c). For computational purposes, we will use the following aggregator function,
where g(·) is given in (A.5) and g −1 (·) is given in (A.6). This function will behave just like (1) for most individuals. But the adjusted aggregator in (A.7) will also accomodate consumption of individual goods less than the minimum c i <c i , which is necessary for some individuals with low enough incomes as well as for computation.
A similar problem arises with the utility function (2). The aggregated consumption from (A.7) may take on values where the utility function is not defined. We can apply the same extension technique to make the utility function everywhere defined.
Define the function h 1 (c) in the following way. 
As before, we need a function equal to h 1 (c) above some cutoff ε 2 > 0 which is defined for c ≤ 0. We will construct a globally valid h(c) consisting of two pieces joined together with a smooth transition at ε 2 . We again use a quadratic form, and define the second piece as follows.
Given these three conditions, we can solve for the coefficients b 0 , b 1 , and b 2 in (A.9). The solution is the following:
We can now define the hybrid utility function as follows.
h(c) = h 1 = (c) for c ≥ ε 2 h 2 = (c) for c < ε 2 (A.11) Figure 13 shows the hybrid function h(c). For computational purposes we will use h(·) as given in (A.11) as the utility function. This function will behave just like (2) for most individuals, but will be everywhere defined.
A-2 Consumer Expenditure Survey (CEX) category description and estimation of α i andc i
To calibrate the expenditure share of the wealthiest individuals α i and the minimum consumption levelsc i , we used U.S. consumption data from the broad category summary tables of the 2011 Consumer Expenditure Survey (CEX). We aggregate expenditures into eight categories (I = 8): food, transportation, entertainment, owned dwellings, rented dwellings, alcohol and tobacco, other (taxed), and other (not taxed). Table 4 details the individual consumption expenditure categories that make up each of the eight broad consumption categories that we use. Figure 2 shows average total expenditure by household income category on each of the eight categories of consumption goods. One problem withe the measure of income on the x-axis of Figure 2 is that it does not match up well with the concept of income in our model. Our static model includes no savings decisions. However, income in the CEX is used for both consumption and savings. For this reason, we compute total expenditure by households in a particular income category as our empirical analog of income in our model. Figure 3 shows the expenditures from Figure 2 as a percent of average total expenditure by households in a particular income category.
We estimate the minimum consumption of the poorest individualsc i and the consumption expenditure share of the wealthiest individuals α i as the coefficients from the following regression in (11). Table 2 presents the estimated values forc i and α i obtained by running the OLS regression in (11) for each of the eight consumption goods categories. Because negative values for minimum consumption levelsc i and expenditure shares α i do not make sense, we adjust our calibration of the minimum consumption of goods that are projected to be negative for AV GT OT EXP j = 0 to bec i = 0. This adjustment was made for the four categories of Transportation, Entertainment, Other (taxed), and Owned dwellings. The adjustment of α i = 0.01 for any initially estimated α i < 0 only had to be implemented for the one consumption category of Alcohol and tobacco. For our calibration ofc i and α i , we use the adjusted values in the rightmost two columns of Table 2 .
Note from Figure 2 that a linear specification as in (11) is likely not fully appropriate. However, a linear specification is the only one that allows us to estimate, in a consistent manner, the consumption minimumc i and the expenditure share α i for each consumption category i. If we did a log specification for AV GT OT EXP j , we would not be able to estimatec i by taking the predicted value of c i,j at AV GT OT EXP j = 0. We would also not be able to estimate the consumption share of the wealthiest individuals α i by letting AV GT OT EXP j go to infinity because the share would necessarily go to zero. The same problems exist for a quadratic specification of (11). For this reason, we use the linear specification to calibrate our model. The two expenditure categories of "Cash contributions" and "Personal insurance and pensions" were excluded because they could be classified more as savings than as consumption.
TECHNICAL APPENDIX
T-1 Fitting a generalized gamma (GG) distribution to the U.S. income distribution McDonald (1984) and McDonald et al. (2013) have documented that the members of the generalized beta (GB) family of distributions with three parameters or more fit the U.S. distribution of income much better than the more commonly used twoparameter distributions in the GB family, such as the log normal distribution. Figure  14 shows the GB family of distributions. In our case, the generalized gamma (GG) distribution captures both the shape of the distribution where most of the mass is as well as the thick tails. Our approach to fitting the best distribution from the GB family of distributions in Figure 14 is to start with a simple two-parameter distribution. Because of the shape of the empirical histogram in Figure 15 (which is just a reproduction of Figure  1 from the paper), we start with the gamma (GA) distribution shown in (T.1.1). The GMM estimated parameters of the gamma (GA) distribution are a = 1.36 and b = 48, 362. The fit of the GA distribution is shown in Figure 15 and listed in the fourth column of Table 5 . The fit of the GA distribution is pretty good, although it does not put enough density in the $20,000 to $50,000 and above $200,000 income ranges and puts too much density in the $80,000 to $120,000 range.
We then use the estimates for a and b from the two-parameter gamma (GA) distribution and move one rung up the generalized beta (GB) distribution family tree in Figure 14 to the three-parameter generalized gamma (GG) distribution. The probability density function for the generalized gamma distribution is the following.
It is clear from comparing the generalized gamma (GG) distribution in (6) to the gamma (GA) distribution in (T.1.1) that the GA is a nested case of the GG.
We use the GMM estimates of the two gamma (GA) parameters, as well as m = 1, as initial guesses for the generalized gamma (GG) parameters in the GMM estimation. The estimated GG parameters are reported in Table 4 and are a =?, b =?, and m =?. Figure 15 shows that the GG distribution fits better than the GA distribution in the $20,000 to $50,000, $80,000 to $120,000, and above $200,000 income ranges. The fifth column of Table 5 lists how well the GG moments match the empirical moments. In particular, note that the mean income from the estimated GG distribution comes closer to matching the empirical mean income. This signifies that the GG distribution is doing a better job of matching the fat right tail of the income distribution than is the GA distribution.
We did go one more rung up the generalized beta (GB) distribution tree in Figure  14 and estimated a four-parameter generalized beta 2 (GB2) distribution. However, with the 42 empirical moments of the U.S. income distribution that we have, the fit of the GB2 is nearly identical to that of the generalized gamma (GG) distribution. There are a number of equidistributed sequences that possess this property. Let p 1 , p 2 , . . . denote the sequence of prime numbers 2, 3, 5, . . ., and let {x} represent the fractional part of x, that is {x} = x − x . Table 6 contains examples of a number of equidistributed sequences. Figure 16 shows the first 10 000 points for two-dimensional Weyl, Haber, Niederreiter, and Baker sequences. In generating our database we use a scaled Baker sequence. The n th element of the type space is given by θ n = (η n , w n ) = 0.8 ne 2 − ne 2 + 3.7, 492000 ne 3 − ne 3 + 8, 000 . (T.2.4)
The initial sample points in the policy space are similarly chosen using an eightdimensional Baker sequence. Figure 17 shows the equidistributed points of a twodimensional Baker sequence on [0, 1] 2 . Quasi-Monte Carlo integration is used to integrate over the type space for each point in policy space given the type space distribution. Quasi-Monte Carlo integration is similar to Monte Carlo integration, but chooses points using equidistributed sequences instead of pseudorandom numbers. This allows for a faster rate of convergence for a large number of points. With N points in s dimensions, quasi-Monte Carlo techniques converge in O 11 See Judd (1998, Ch. 9) on quasi-Monte Carlo methods for a more thorough discussion of the advantages of using equidistributed sequences to execute simulation-based methods A key distinction between equidistributed sequences and pseudorandom sequences is that equidistributed sequences do not "look like" random numbers. As can be seen in Figures 16 and 17 , they generally display substantial serial correlation. From the outset, equidistributed sequences are chosen so as to perform accurate integration, and are not encumbered by any other requirements of random numbers There are other practical advantages to using equidistributed sequences in this setting aside from the merits of quasi-Monte Carlo integration. Using equidistributed sequences enables us to represent the entire space of households and tax polices as a one-dimensional M × N list, which allows for easy partitioning across computing nodes. Additionally, using equidistributed sequences makes for easy expansion of the database. One has merely to append addtional points to the end of the list. T-3 Fitting polynomials to individual good i tax policies on the frontier
Each point in the total utility-total revenue frontiers shown in Figures 4 and 7 represents a tax policy τ = {τ 1 , τ 2 , . . . τ I } that is not strictly dominated by any other policy in terms of both total utility and total revenue. Figure 5 shows how each of the optimal tax rates τ i changes along the total utility-total revenue frontier. However, due to the higher number of dimensions in policy space, the computed path of taxes is relatively fuzzy compared to the smoothness of the corresponding total utility-total revenue frontier. For this reason, we use logistic function approximations that minimize the L 1 distance to the points on the tax path to produce the curves in Figure  5 .
Suppose that there are a total of n points along the total utility-total revenue frontier. Then we have a list of tax policies τ 1 , τ 2 , . . . , τ n and the corresponding values for total revenue r 1 , r 2 , . . . , r n . We will write the tax on good k corresponding to revenue r i as τ i,k . We use the following form of the generalized logistic function, paramaterized by A, B, and C, to represent τ i,k as a function of total revenue.
For each good k, we calculate the values of A k , B k , and C k that minimize the sum of the absolute values of the residuals, n i=1 |τ i,k − f k (r i )|. Figure 18 shows an example of the logistic function fit for the food category. Figure 18 : Logistic fit of optimal differentiated tax on food category for points on total revenue frontier
